EFFICIENT MONTE CARLO FOR NEURAL NETWORKS WITH
LANGEVIN SAMPLERS
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ABSTRACT. We consider the task of simulating efficiently from the poste-
rior distribution over weight space of a feed-forward neural network using
a Langevin-Metropolis sampler, given a finite data set. It is shown that as
the number N of hidden neurons increase, the proposal variance must scale
as N~1/3 in order to get convergence of the underlying discretized diffusions.
This generalizes previous results of Roberts and Rosenthal (1998) for the i.i.d.

case, shows robustness of their analysis, and has also practical implications.

1. INTRODUCTION

When solving non linear regression or classification problems by means of neural
networks, It is well known that one must control carefully the complexity of the
model (number of nodes of the network) with respect to the amount of training
data at disposal, this in order to avoid overfitting, and hence bad or poor gener-
alization performance (see e.g. Haykin, 1999, and updated references therein). To
handle this central issue in learning theory researchers have focused their efforts
on comparing the network’s theoretical and empirical abilities to generalize, and
giving quantitative estimates for the discrepancy between these two quantities in
the worst case, regardless of the nature of the source generating the data.

At least in case of networks having a treshold activation function these explicit
bounds depend on a finite parameter, the Vapnik-Chervonenkis dimension for the
family of functions which can in principle be realized by the network. It is shown
(Vapnik, 1996, Bishop, 1996) that this discrepancy vanishes in the limit as the

available training data increase without bound. When however the amount of
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data stays limited (as in real applications), practical experience suggests that good
generalization can be obtained with training sets much smaller than those required
by theory. Thus in some cases, regular theory can lead to overfitting.

It should also be noted that these theoretical results usually apply to networks
with treshold activation functions. In practice, smooth activation functions are
generally used when implementing back propagation (gradient descent) to search for
the best set of weights on the nodes of the network. The corresponding theoretical
analysis becomes then much more involved (Devroye, Gyorfi and Lugosi, 1996).

A different approach, which avoids the overfitting problem, consists in using a
Bayesian methodology (Bishop, 1996, chap. 10, Neal, 1996, and references therein).
Here, instead of searching for optimal weights to be fixed for all time, one lets the
weights fluctuate. Given a finite observed data set, a prior distribution over weight
space is applied and one gets, via Bayes’ theorem, an a posteriori distribution over
weights.

For a single layer network, this may be described more precisely as follows:
Let ay,...,a, € R? be the input data, and denote the corresponding output data
21,...,2n € R. We set H : R — R™,

H* 0, .. yh) = yog(<ak, (y',..., yd)>), g sigmoid function, k =1,...,n,

and thus the posterior with N neurons is in the form [?? more detailed deriv here

?7]

N 1 N

() mvldn) = Ot exp (e H@) ~ g Y- (o) HGw,)) ) Q).

i=1 ij=1

The distribution 7mx now expresses the probability that a configuration x =
(z1,...,2N) of weights generated the training data. We stress that here, the size
of the data set stays finite, and we are interested in analysing the behaviour of
the network (i.e. the above distribution 7y) as the number of nodes N increases.
There are many reasons for studying such a limit (see Neal, 1996): firstly, real life
problems of great complexity tend to require networks with a very large number
of nodes. Secondly, if the number of nodes is allowed to grow without bound, feed
forward neural networks have been shown to be good universal approximators (see

Cybenko, 1989, Barron 1993). Finally, the infinite network limit gives insight into
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the properties of different choices of prior distributions over weights, touching upon
a delicate aspect of the Bayesian approach (see Neal, 1996, chap.2).

In our first result (Theorem 1), we show the propagation of chaos for the family of
distributions (1), as N — oco. Since the model is of mean field type, our result is not
unexpected, but since the function H is unbounded, standard results (e.g. Kusuoka,
1997) cannot be applied directly. The implication for the neural network is that
in the limit, any finite collection of weights behaves as if the individual weights
had been draws independently from a single distribution 7. This distribution is a
member of the exponential family generated by H, which depends on the activation
function, and the prior p. Our second result (Theorem 2) is mainly of a technical
nature, and is used in the proof of Theorem 3.

Once the posterior has been specified in the form (1), the problem remains of
simulating efficiently from it. This is the essential step for predicting the expected
values of the response variables using Markov Chain Monte Carlo integration. Here,
one defines a Markov chain Xt(N) which is guaranteed to have 7wy as a limiting dis-
tribution. Consequently, for any given function g of the responses, we can estimate

1 Z
(2) T tzzlg(Xt) — /g(x)wN(x)dac as T — oo.
What is more, estimates of the accuracy achieved are obtainable by statistical
means, usually the (Markov chain) Central Limit Theorem together with a hypoth-
esis test.

Designing the Markov chain Xt(N) for the target distribution 7y is an easy
matter with the Hastings-Metropolis method. However, the enormous flexibility
afforded also brings with it a question about the most efficient Markov chain to
use. In this paper (Theorem 3), we shall analyse one such chain, the Metropolis
adjusted Langevin algorithm, defined below. One way of thinking about it is as a
gradient descent method coupled with a random walk, so as to allow escapes from
local extrema of the density. Considering that most neural networks implement
some form of back propagation (gradient descent), this algorithm offers a simple
migration path to individuals wanting to try the Bayesian approach.

We now specify the algorithm Xt(N). We shall describe some asymptotics af-
terwards, together with a discussion of how to tune the free parameter so as to

optimize the speed of convergence of the estimates (2).
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For a given distribution 7y in the form (1) and which has a density on (R?)¥
with respect to Lebesgue measure, to be denoted 7y (x), the Metropolis-adjusted
Langevin algorithm consists of a Markov chain Xt(N) whose stationary distribution
is mn(z)dz, and which is of Metropolis-Hastings type: moves are first proposed,
and then accepted or rejected by a simple test (see Tierney, 1994, Roberts and
Smith, 1994). For reference, we list the details of its implementation:

Choose X(()N) arbitrarily. Given Xt(N), to compute Xt(ivl) , first generate

2
(3) Y, = XN 4 oW + %ng v (XA,

where W is a standard Gaussian on (R™)" independent of Xt(N), and therefore the

)

xp<2},§_vj R (A }Viwﬂw,mw) )

law of Y, given Xt(N) = x is proportional to

o2
y—x— 7Vlog7rN(x)

@ avo) = e~ 50

2

where U(z) = (z, H(z))+log du/dx. Finally, the proposal Y, is accepted or rejected:

5 xmo)Ye Tl Te X > € mv X e, Yo),
Xt(N) otherwise.
where £ ~ UJ0, 1].

With the algorithm defined as above, we can now generate as many steps as
desired to produce accurate Monte Carlo estimates as in (2). Note that in practice,
the partial sums do not start from ¢t = 0, but typically from some large value
t = to > 1, which ensures that the effect of the (arbitrary) initial values X(gN) is
countered. Indeed, the positive recurrence of the chain ensures that IP’(Xt((fV ) = x) R~
mn(x) if ¢y is sufficiently large, and the values of the chain prior to tg are usually
discarded.

For purposes of analysis, we shall therefore assume from now on that X(()N) ~TN.

Our last result, Theorem 3, is a diffusion approximation, as N — oo. We show that

if the variance o = ¢2/N'/3, then for any finite number of nodes 1, ...,k say, the
processes
N),1 N).k
Xy K 0 55T
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converge weakly to a diffusion process Z = (Z},...,Z% : 0 < s < T) whose form
we give explicitly, and which has the stationary distribution 7%, where 7 is given
by Theorem 1. An implication of this result is that

;TN 1 (7
(6) TNIB > g(x) = T/o 9(Zs)ds,
s=1

if g is bounded and continuous and depends only on a finite number of nodes. This
may be loosely interpreted as follows: The Monte Carlo estimate of [ g(z)mn (z)dz
requires a number of iterations proportional to N/3. The proportionality factor is
the time required to get convergence on the right of (6), and depends on the mixing
properties of the diffusion Z. This in turn depends on the value of ¢, through a
function v(¢) which we compute explicitly. By finding the value ¢ which maximizes
v(¢), we obtain the diffusion process Z which mixes the fastest among all possible.
We can give an analytic expression for i , but this is in practice useless since it cannot
be computed easily (except by Monte Carlo methods, which defeats somewhat the
purpose). Fortunately, as in Roberts and Rosenthal (1997), the optimal mixing
rate is obtained for a choice £ corresponding to an average acceptance probability
Pry (Xt(ivl) # Xt(N)) ~ 0.574.Thus it suffices to monitor the acceptance rate and
tune ¢ until it equals 0.574.

2. STATEMENT OF THE MAIN RESULT

In Propositions 1 and 3 below, we work with a general mean field model of the

form
N

N 1 N
() = Ci exp((3 (e @) — g Y (H(w0) H(w,)) ) Q).

i=1 ij=
where u is a (not necessarily bounded) interaction function. In order to prove
the first limiting result, we need to introduce the exponential family of probability

measures on R” generated by p and u, which is defined by
po(da) = OHEN KO, (dr) 0 € ©

where K (0) = log [ /% @) y(dzr) is the cumulant generating function of u under
1. We assume that K is finite only in an open set © of R™. Consider now the
strictly convex function J(6) = 6] + K(0) — (z,6), where K is extended to the

complement of © by setting its value equal to +00. The function has a unique
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minimum 6, = 6,(z) in R", as it is lower semicontinuous with compact level sets.

We can now state

Proposition 1. Whenever f : (R™)> — R is a local function (i.e. depends on only

a finite number of components) such that [ et dr®>® < oo fort € (—¢,¢), then
I&iinw / fdnn = /fdﬂ®°° (propagation of chaos),
where ™= g, .
Proof. Observe that 6, is the unique solution of the equation
(7) 0+ VEK(0) = z,
which implies by the properties of exponential families, that
(8) 9*:z—/Hdﬂ'.
We can now easily bound the Kullback-Leibler divergence
D(ny||7®N) = /log(dwN/dﬂ‘X’N)dﬂN.

In fact, by using (8), and setting H(z) = H(z) — [ Hdr,

N N
log(dry /dn®N) =log C' + NK(0.) + > (2 — 0., H(z;)) — 2;\] > (H(xi), H(x;))
i=1 ,j=1

N
=logOx' + NK(0.) + 5 H/udu

(o]

_ 1 &

+ (S H(z)/N, H(z,)/N) —22 2:)/N, /udﬂ')

1,]= 1
2>

Now clearly

0N
log Cy = —log/exp H \ﬁ H(z;) ) ®7r(dxi),
i=1

By the Central Limit Theorem, the right side above is therefore bounded, uniformly

in IV, by some constant M say, from which D(7x||7®N) < M. It follows that if we
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denote by 7y, the marginal of 7y for the first k£ components, then an inequality

of (Csiszar, 1984, p.112) gives

1 M
D(mne|7®*) < =z (e [|7®N) < e
[N/E] [N/K]
and now the stated convergence follows by (Csiszar, 1975, Lemma 3.1). U

In Proposition 3, we shall use the following technical lemma.

Lemma 2. For any nonnegative definite matriz A, the convexr conjugate of z —
%(z,Az> is given by

Liw, A~w if w € RanA
vy = | A

400 otherwise,

where A~ is the pseudo-inverse of A.

Proof. Let A = U'LU with L a diagonal matrix with the diagonal elements equal

to the eigenvalues in decreasing order. By definition,

. B B 1 B S - o 1 S - 2
M (z) = sup((z,6) — 56, A6)) = S?Up(; viw; = ;Azwi)

where v = Uz. If there exists i¢ such that A\;; = 0 and v;;, # 0 (which happens if
and only if z ¢ RanB) it is immediately seen that M*(z) = +o00. Otherwise the

function between round brackets has a maximum w; = ™ for 4 such that A; > 0,

w; = 0 otherwise. Finally it is easily seen that

1 v2 1
M*(z) = = =5z A7
(2) 22'}”)0 x =547

for z € RanA. O

Proposition 3 (Moderate Deviations). For any function g : R™ — R™ satisfying
few’g)dﬂ < 00 in a neighbourhood of 6 = 0, if Ay — o0 is a sequence such that

A% /N — 0, then

7TN< %ig(mi) —/gdﬂ

where ¢ > 0 is a constant and the limiting distribution 7 is given by Theorem 1.

> /\N/\/N) < ech?\ﬁ»o()\?\,),
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Proof of Theorem 2. Define g(z;) = g(x;) — [ gdp and

N
(Zn, Yn) = OwVN) Y (Gla), H(xy).

i=1

Now it is easy to compute (Dembo and Zeitouni, 1998)

N—o0

A6, ) = lim log / exp A% ({8, Zn) + (b, Yar))dn®N

1

where ¥ is the covariance matrix of (g(x), H(x)) under 7. By applying the Gértner-
Ellis theorem and Lemma 2 below, we prove that (Zx,Yy) satisfies an LDP with
speed A% and rate function

H(zy), 27 (2,y)) if (2,y) € RanX

J(z,y) =
400 otherwise.

We want to prove the same result for the sequence Zy under wy. Decompose X

into blocks as

221 222 f ﬂgtdﬂ' f Tuitdw

and write

. - 1
Aal0) =105 O [ exp(3(10,2) - 3 1Y) ) x>,

we apply Varadhan’s Lemma (Dembo and Zeitouni, 1998, Theorem 4.3.1, p.137)
with the continuous function ¢(z,y) = (6,z) — % lly||?, which satisfies the moment

condition

— 1
lim y— oo~ 1og/exp (a)\?VgO(ZN,YN)> dr®N

Ay
1
log/cxp <a)\?\,<9, ZN>)d7r®N

M

~ ey 06 [ o0 32 00,01 ) ()
N2, N

A% a?
2N

S N
N
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for any constant a. Since Cy is bounded in N , we obtain

A(6) := lim LT\N(Q)

1
im —log/exp)\?vgo(ZN,YN)dﬂ@N

-1
N —o0o

= sup{p(z,y) — J(z,9)}.
z,Y

In order to maximize the right hand side above, write (z,y) as X(u, v), without loss

of generality since J is equal to 400 out of the range of ¥. Now

1
sup{¢(2,y) — J(2,9)} = sup{(0, X11u + X12v) — 3 2010 + Dagv]|®
ERY w,v
1
— §(<u, 211u> + <’U, 222’0> + 2(u, 212’U>>}.

The function to be maximized in concave in (u,v) and it is immediately checked
that (=6, (I + Y22) 1¥9160) is a stationary point. Substituting this back into the

above expression, we finally arrive at
~ 1
A(0) = 5(6. Bo),

where B = Y11 — B12(I + X22) "1 X1 In order to apply the Gartner Ellis theorem,
we need only check that B is nonnegative definite, and to apply Lemma 2: Let
A = ¥19%5,, where the superscript — is used to denote the pseudo-inverse of ¥as.

Since Ker[Xos] = Ker[X12], we have X195 = AY5;. As a consequence,
Var,[g(z;) — AH(2;)] = 211 — X12X5,591 > 0.
Now consider the difference
D = ¥1555,%01 — Z1a(I 4 Bo2) 1801 = X19(X5 — (I 4+ Ba2) 1) B0,

and notice that the matrix between rounded brackets is nonnegative definite on
RanXs;. But since Ran[¥2;] C RanXs; (as a consequence of the inclusion KerXos C

KerXY2), D is nonnegative definite, and hence so is B. O

We shall need the following assumptions to prove our main convergence result.

(A): The functions H(z), U(z) = log(dp/dz) + (z, H(z)) and their derivatives
are smooth, with at most polynomial growth in the variable z.

(B): The prior distribution p has a finite moment generating function in some

neighbourhood of the origin.
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In order to ensure that the limiting process is well defined we need to enforce (A)

in the following way:

(C): The functions H'(x) and U’(z) have at most linear growth.

Theorem 4. Let {Z} :i=1,2,...} be independent copies of the process Z; which
is the solution to the SDE

(9) dZ, = v()Y?dB, + (VU(Zt) - <VH(Zt),/Hd7r))v(€)dt, Zy ~ m,

where v = v({) = 202®(—L47/2) and T is a suitable constant depending on 7. This
process is well defined under condition (C). If Xt(N) = (Xt(N)’l, ce Xt(N)’N) is the
Metropolis-adjusted Langevin algorithm defined by (5), with XéN) ~ 7N and jump

size 02 = (2 /N3, we have the weak convergence result

(10) (xOxN e [0,T) = (Zi:te0,T)i=1,....k),

for any integer k.

The rest of the paper is devoted to the proof of Theorem 4. For the sake of
simplicity, we take n = 1 below. The changes for the general case will affect only

the notation.

3. A QUANTITATIVE CLT FOR THE ACCEPTANCE RATIO.

We begin with the following preliminary remarks. Below, for any f : R¥ — R
and any ¢ € (R*)N, we shall write Ey f(t) = & Zf\il f(t;). From the definition (3)

we have

2

(11) Yoile, W)=Y, =x; + oW, + % (U'(mi) — H'(a?,)ENH(m)>



EFFICIENT MONTE CARLO FOR NEURAL NETWORKS WITH LANGEVIN SAMPLERS 11

Now define

—1lo N (Yo )an (Yo, 2)
Gon(z, W) = log wn(x)gn (2, Yy)

=logmn (Yo (x)) —log iy (2)
+ % [||W||2 - HW n %(V]ogﬂN(Yg(x)) + vmm(x))Hz]

(12) = N(ENU(Y) — %ENH(Y)Q — ExU(z) + %ENH(x)Q)

— SONEN U (V)W) + Ex(U'(@)W) — Ex (H'(Y )W) Ex H(Y)
— Ex(H'(2)W)ExH (2)] + %JQN[ENU’(Y) + ExU'(z)
— ENH/(Y)ENH(Y) — ENH/(I)ENH(CC)]

where Y =Y, (z,W) and we have used the notation

N
Exg(a)h(Y)W' = ;ggg(:ci)h(mwf.

In order to study the asymptotic behaviour of the function G, n, we wish to
expand it into a Taylor series with a suitable number of terms. The following
lemma, which we state without proof, is the result of a tedious, but straightforward

computation.

Lemma 5. The first two derivatives of G, n(x, W) vanish at 0 = 0. Consequently,

we have the Taylor expansion
7

6
[ d
(13)  Gonlw, W) =) o gun(@W)+ 5 /O (0 = u)° 5= Gu,n (2, W)du,
k=3

where gg N (z, W) = d” Gu,n(z,W)(0) for k=3,...,6.

duk

The main result of this section is that, as N — oo, a Central Limit Theorem

holds for G, n(z, W):

Proposition 6. Choose 0 = (/N/6.  Then there erist sets Fy C RN, with
N (F§) = o(N~F) for any k > 0 such that

lim N? sup sup
N—oo ze€FN u

(14) P(GU,N(x, W) < u) — B _payayngara(u)] =0,
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where § > 0 is sufficiently small, ®,, s2(u) denotes the cumulative distribution

function of a N'(m, s*) random variable, and

= ﬁ@E(w”Q(X '2(X)) + 8B (X)W (X)9" (X)) + 15E(y"*(X)))

— 18(E(H"(X) + H'(X)y' (X)) E(H'(X) (9" (X) + ¢ (X)¢" (X))

(15) 72

+9B(H"(X))(E(H"(X) + H'(X)¥/(X))?).

with ¢ = U — H [ Hdr.

Proof. To reduce the burden of notation, we set £ = 1 in the following. By (Petrov,
1995, Lemma 1.9, p.20) and (13), we have, using the Taylor expression from Lemma

5, and writing ® = ®; for simplicity,

(16)
sup [P(Gon +72/2)/7 < u) — ®(u)| < sup

P(N""2g5 (2, W) /7 < u) — B(u)
+ ]P’(N*Q/3 lga,n (@, W)| > Ten) +]P’(N*5/6 g5, n (2, W)| > Ten)

+ P(‘N_IQG’N(‘T,W) + T2/2‘ > TGN)

1 NTUe _ d’ 5Ten
+B| a/0 (N7V0 = )0 2 G Wdu| > e + 75

where ®(u) is the standard Gaussian distribution function. Lemma 7 gives the

bound

1 1
(17)  sup|[P(N"V2g5 n (W) /7 < ) = @) < (<= + o) o (Endhala)
w7 ) (7% * gw) P (Exea)
+ he (F3(Enés(2))) + en/ V2,
where h,(z) = |1V @ 1- % is a continuous function vanishing at 72 = F3(E ¢, (X))I

By Lemma 10 in the Appendix, we have gi n(x, W) = NFy(Enri(z,W)), where

F. and 7y are as in Lemma 8, k = 4,5, 6.
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Replacing in the formulas of Lemma 10 the empirical averages with expectations

with restpect to m x P, the reader can check that

Fu( [ radmdP) =~ L {BE@ (X0 (X0) + 3B (X)) + (" (X)¥/(X))
BB (X)) - (' (X)W(X) - B (X))}
_ —i[i%c / (P9 dz — (c / (" H')dz)?] = 0.

where X has the density 7(z) = ce?®) and ¢ = (%), The last equality is obtained
since both the summands are zero, by integration by parts. In fact by assumptions
(A) and (B), (e¥ f)(®) is integrable whenever f is any linear combination of deriva-

tives of H and U, k =1,2,3,.... This implies that

lim (¥ f(a))*Y) =0,

|z|— o0
otherwise (e¥ f)*) is not integrable. Next, F5( [ rsdndP) = 0 since each monomial

in it contains at least one factor which is an odd power of W, hence it has mean

zero. Finally,

Fol [ sdnde) = — i {15 (007(00) + 0B (0w (X))

+270E (4" (X)"(X)¢' (X)) + 135E(4""* (X))
+180E(y" (X )y (X)) + 180E (¥ (X )¢ (X))
+180E(Y"" (X )¢/ (X)) + 60E(W"" (X))

— 90[E(H"(X) + H'(X)' (X)) E(H'(X) (" (X) + /(X )" (X)))]
— 902B(H"(X)y"* (X)) + 2E(H" (X )¢" (X)) + AB(H" (X )¢/ (X))
+ E(H" (X)) E(H"(X) + H'(X)/ (X)) +

+ABE(H"™(X))(E(H"(X) + H'(X)¢'(X))?)}

1y
1440

+T5E(W"*(X))) — 0E(H"(X) + H'(X)y/ (X))
E(H'(X)(" (X) +¢'(X)9" (X)) +
A5E(H(X))EH"(X) + H'(X)v'(X))?}

_ 60
1440

BB (X)¢'(X)?) + 90E (¢ (X)¢" (X)v" (X))

E(" (X9 (X)) + 3B (X)9" (X)y" (X))
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+ B (X)) + 3B (X)y'*(X)) +

+3EW" (X)) (X)) + By (X))}

L0
1440

+HAE(H" (X)) (X)) + E(H""(X)|[E(H"(X) + H'(X)$' (X))},

{2B(H"(X)y"*(X)) + 2B(H" (X)¢" (X))

and this simplifies to

2

Fg(/r5d7rd]P) - f%,

because the first term in curly braces equals —é by (15), the second term is

proportional to

B(" (X)9/(X) + 3¢/ (X)u" (X" (X) + " (X)

30 (0 (X) + 307 (X (X) + " (X)
= c/(eww”/)'”d;v =0,
and the third term in curly braces contains the multiplicative factor
E(H"(X)+ H'(X)y' (X)) = c/(e¢H’)'dx =0.

The last two displays equal zero by Assumptions (A) and (B), and integration by
parts.

Next, using Lemma 8 three times, we find that

P(N72 gy n (2, W)| > Ten) = P(NV? |[Fy(Enra(e, W))| > Ten)
1
(18) < g, P (Fven()

(19)
P(N ™/ g5, (2, W)| > Ten) = P(NY® |Fs(Eyrs(z,W))| > 7ex)

(20) < M%/GE?VFE) (EN¢5(33))

IP’(|N_1g6’N(x,W) + 72/2| > T€N) = ]P(

FG(EN’I“(;(iE, W)) — Fd/mdwd?’)‘ > TGN)
1

2
€N

(21) <

Fy (Engoa)), I
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for x € Fy r(en), where
~ TEN _
Fyni(en) = {x: ‘EN,Bk(as) — /rkdﬂdﬁ”‘ < TNk/6 1}.

The remainder is estimated in Lemma 9 as

(22)
Pl

We now finish the proof of the theorem. Choose ey = N™¢ for a > 0 small

1
6!

1

N-1/6 g
—1/6 _ 6 9 b
/0 (N u) qu7 Gu,n(x, W)du N/

> TGN:| <

Fr (Engo(2).

enough, and set

Fy = {z: ‘Ewk(x) - /qbkdw < N—e,

k=23.45,6, 7} ﬂ(mk:4,5,6ﬁzv,k(N’1”2))-

From Proposition 3 with Ay = N'/272% we deduce that 7y (Fg) = o(N~F) as
claimed. Using the bounds (17), (18), (20), (21), (22) and (16), we get that

[P(Gow(w, W) < ) = ®_gaa o e272(w)] = OV ).

The only term which needs to be discussed is the second one on the right hand side
of (17), where we use a Lipschitz estimate for h, around x = 72 and the explicit

form of the sets Fly. O

Notice that in the above proof, the form of the sets Fy is suggested by the second
term appearing on the right hand side of (17). Proposition 3 was given precisely
to control the the probability of these sets.

Before proceeding with the proofs of those Lemmas needed for Proposition 6, we

set up some notational conventions. Let us define 1n : R x RN — R as
(23) YN () =U(t) — H(t)ExH(z),

and write
| X
(EnyYn)(z) = N ;dw(xi;f)-

We also denote by wj(\lf) the k-th derivative of 1 (¢, x) with respect to ¢, and then
define £ N%(\I/c) similarly.
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We write D for the algebra of polynomials in the absolute value of derivatives of

H and U:

:0=0,1,2,...,¢=0,1,2,... }.

D = Algebra{ f = ‘ijq,f _ ‘U“)‘q

Lemma 7. There exist polynomials F», Fy, and vectors ¢, ¢s with components

in D, such that for any € > 0,

(g (. W)/ VN <) = 0(0)| < (S + ) Po(Ewea(a)
+ 1V /BBy @)/ - (1= 7/ F(Eny(@) + ¢/ V2T,

sup
u

Proof. Let us define

Xy = VN (3En (6 (2)W) + Bx (45 (@) W)

— 3EN(H'" Wy () Ex H' (2)W — 3ExH" (2)Ex (H' (z)W))

and Yy = 3V NENH"(z)(W? — 1)Ex H'(x)W. From the expression of g3 y in the
Appendix we find that

1
— z, W)= Xny+Y]
\/NQS’N( ) N N

The term Yy has zero mean, and we bound its variance as follows:

(24) BV = o S0 H (52 H e, PEOW? — 17W7
©,J
Const,
<

E H//QE H/Q.
< Ot g (7 )
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The expression X is a sum of independent random variables, whose mean under

the measure P is zero. We compute its variance 73 directly as follows:
S BN U @) (@) + 189 () () (2) + 15048 (@)

2 _

— 18BN [H' (2)¢ly (z) + H" ()| Ex [y ()¢5 () H' () + 05 (x) H' ()]
+ 9By H (z)(Ex H" (2))? + 18Ex H (2) Ex (H'(2)¢y (v)) Ex H' ()
+9ENH' (2)* (Ex (H' () (2)))

1
+5[
— 12En (Y (2)yx (@) H' () H" (x)) — 48 EN (Vi (¢) H" () H' ()

B6EN (U ()¢ (v) H" (2) H' (z)) — 48 En (Y (2) H” () H' ()

+ 36BN (H'(2)yy (2) By (H" (x) ' (x)) + 18Ey (H'"* (2) H" (2)) Ex H" (x)
+36 By (H" (2)H" (2))] + 72$EN(H”2(x)H’2(:c))}.

Now, in order to get the representation 73 = F3(En¢5(z)), we insert into the

above terms the explicit formula for ¥ given in (23), expand the products and

rearrange terms.

By Proposition 3, we have 73 — 72 in distribution, where 72 is defined by (15)

in Proposition 6. Using the formula (Petrov, 1995, Lemma 1.9, p.20) again and a

simple estimate gives

sup |P(Xny + Yy < 7u) — ®(u)| < sup |P(Xn/mn <u) —
+P(Yy >erm)+€¢/V2m

and Esseen’s inequality (Petrov, 1975, Theorem 3, p.111) for Xy /7x, Chebyshev’s

inequality and the estimate (24) for Yy, we arrive at

(s W)V < ) = D] < = Z (Ex o (X0

N

+ Ex [ (X)) + BEx [H' (X)) (Bx [H'(X)$y (X + [H"(X)"))

Const
FIVTN/T (L= 7/78) + o5 EnH (@) By H (2) + ¢/ V2T,

which is clearly in the form claimed. O

Lemma 8. Let F : R™ — R be a polynomial and r;, : R> — R, h = 1,...,m,

be of the form ry(x, W) = by (x)Wr, where by, belongs to D. Then there exists a

O(u)| +1V (rn/7) - (1 = (7/7n))
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polynomial F and a function ¥ € D such that, for 0 <y < 1/2,

F(ENr(a:,W)) - F(/rdwdﬁ”)‘ > e} < N(%WF(EM(@«))

holds for all x € ﬁN, where

P [N“*

Fo={o

ENﬁh({E)—/’I“hdﬂ'dP’<6N_’Y/2K, hzl,...,m},
K is a local Lipschitz constant for F in a neighbourhood of the point [ rdmdP and
ﬂh(xz) :bh(xi)EWaha h = 1,...,m.

Proof. We first notice that, when x € F v, we have
P (N v

Now define the random variables V3, ; = rp(z;, W;). These are clearly independent

F(Enr(z,W)) — F(/rdde)‘ > e)

gIP(N’Y

F(ExB(x, W) — F( / rdde)’ > e/2>.

and have respective means 5, (z;). Now the difference
1N
F(N;thh: 1,...,m> —F(ENﬁh(x),h: 1,.,.,m>

is a polynomial in the centered variables 4 zle(vm — Bn(x;)), with coefficients
which are polynomials in the variables Enfp(z), as can be immediately seen by
taking a Taylor series centered in En(h(x). We proceed to bound the second
moment of the generic monomials in this representation,
1 1 & 2
M =2 ()]
i=1 i=1

where Yi(h) = V3, — by (z;). By using Lemma 11, we get the bound

Mp,,..n, < x Polynomial in empirical averages of elements in Dy, j..

1yeer

N
The proof is completed by an application of Chebyshev’s inequality. O

Lemma 9. Choose 0 = 1/N1/6, then there exist a polynomial P and a function p

with components in D such that

IP’[ 1 /Oo(a—u)fid_?GU,N(x, W)du| > e} < ezv;% P(%Zu(xi))

6! du’
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Proof. By Markov’s inequality and Lemma 10, we have

Pl

1 o 6 d7
a o (O’*'LL) WGu7N($,W)dU

-

o 7
SiE/O (J—U)G%Guw(as,W)du
0 ‘R d’ G d
< Gl ; (0 —u) ’W u,N(x, W)| du
1 [ J
< —/ (0 —u)°NE ZukPk<ENpg(x)w(Yu)W”;€:1,...,m) du
6le Jo Pt

9
1 7 6 k Te. )
< E/o (0 —u) Nkzzou E’Pk<ENpg(:c)cpg(Yu)W Gl = 1,...,m>‘du,

1 a

9
<o | (0= w)N > uFCr(1+E|Enpe(x)pe(Y )W ™) du

k=0

Now using Jensen’s inequality, we have the bound

|Enpe(@)pe(Yu )W ™ < En |pe(@)pe(Yu) W™
< En|pe(@)[* [0e(Yu) " (W™
S CEN(L+ [2|™)™ (14 [V ™) (1 + [W7 ™)

(26) < C'(1+ Ex || + En [Yu|™* + Ex [W[™)

for some sufficiently large ¢, and constant C’, by the arithmetic-geometric mean

inequality. From (11), we have
N
2 ! 2 /
Yol < lail +w Wil + (w/2) [U"(23)] + (u”/2) [H' (z4)] NZ ;
and replacing this into the estimate (26) gives

Pl

L[ ¢ d’
o/ (0 —u) WG%N(m,W)du >e}
Const/‘7 6 2 %
< oc—u)’N uCy |1+
) RGO

> w P, (Exlal Ex |U'(@)], En |H'(@)|, Ex |H(@)]) |du

ConstNo”
€

Y o’ Ps(Ex|z|, Ex |U' ()], Ex |H'(x)| , En |H(x)])
4
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7/6
< ConstN p
€

(Enm)

where we first summed over a finite number of indices v, and then integrated over
u, using the bound fOU(O' —u)%udu < 250717, to get the sum over §. After
this, we bounded the derivatives of H and U by Assumption (A), and finally, we
simultaneously bounded all the polynomials Ps by a single, much larger polynomial

P. Upon substituting o = 1/N1/6, we arrived at the stated form. O

4. PROOF OF THE CONVERGENCE RESULT

For a given configuration 2 € (R™)", let us begin by expanding the discrete gen-
erator Ay f(z) = E[f(Xt(j_Vl)) — f(x) |Xt(N) = z] on a suitably smooth test function
f (C* with compact support) which moreover depends on only a finite set A(f)
of components. For the sake of simplicity, we suppose that f depends only on one

component x,.

(27) Anf(z) = ]E[(f(Ymp) — f(xp)) 1A eGg,N(I,W):|
0.2
=E [(of’(xp)wp + 5 Wl ()W,

0_2
+ T @)U () = B () By H(@)) ) 1A eCon ] 4 021 (0, ),

where

r(o.) = GE([F" (V) W1 + (U (@1) — H'(21) Ey H(x)))*

+3" (V) (U (1)~ H' (1) Ex H (@) (Wi +5 (U (1)~ ' (21) Ex H(x))) 1G9 ]
where 0 < o < . Observe that if we define the set
Fy = {z (U ()], [U" @), [H' ()], [H" ()] < N*},

for k suitably small, then with 0 = N~'/¢ the remainder r(o,z) goes to zero
uniformly for z € Fxn Fy, as N — o0, so it is dropped from further consideration.

The bounds on the second derivatives in ﬁN have been included for later purposes.
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If I is a smooth function of a real variable, Taylor’s formula gives

1AW — 1 L0 +/ I ()™ duy
{u:I'(u)<0 and 0<u<1}

k k ti u
=170 4 Z IV (s;)et ) (t; — s) + Z/ / (F”(v) + F’(U)Q)er(”)dvdu

=1

=1Ae" 0)+ZI‘ el (1, — ;) —1—2/ (ti — v) F” )—|—I"(v)2)er(”)dv,

i=1

where the sums are over a partition
{u:T(u) <0,0<u <1} =UR (si,t),

with 0 < 51 < t] <89 < -+ < s <t < 1. We apply this formula now to the

function I'(u) = G N (x, uW,, Wye), arriving at

(28) E(1AeCon@EW) 1wy =E(1 A eCon@W) 1Y, = 0)

k

d ) Go N(z,5iWp ,Wpe) iy o
+WPE(; o7 G @5 Wiee (t; sl)|W,,)

koot
]E(Z /S (ti —v) (F”(v) + F'(v)2>er(”)d’u | Wp)

We now substitute (28) into the expression (27), and obtain, placing all unwanted

terms into a remainder Ry (z, f),

(29) 5 ANf(2) = 51" (@ )B(L A Lo 11, = 0)

43 () (U () — H' (o) Bx H()E(L A o) 4 Rig(a, ).

Keeping only the leading order term in Ry(z, f) (as the remaining ones can be

treated in a similar way), we have

Rn(z, f) =
1 k
1 o B WEE(S Gy

Gon (@, 5iWp, Wpe )eCon (@siWnWee) (4, —Si)|Wp)}
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Observe that we can bound

B3 i O W e, ) 1)
<E<sup LG,,N(:U sW, Wpe) )
TNt [d(sWy,) TR r)

since G, n(z, W) is negative on UX_, (s;,;). Let us write explicitly

d(SCIl/Vp) GJ,N(Z', W) = %(U’(Yp) _ U/(.Z‘p) _ H/(}/]))ENH(Y) + H/(l‘p)ENH(a?))
S (05— PR B ) B 3 W ()

* %3 (U (%) = H' (V) ENH(Y) = H'(V,) Ex H'(Y)),

then we can rewrite the right hand side of (30) as

E(?;Il) CZ(SLWGU,N(WWP,WPC) p) -
%E(?ﬁ) U'(Yy,) — U'(xy) — H' (Yo, )EnH(Y,) + H' (2,)Ex H(x ‘ Wy )+ (2, W), I
where
}N/G’q _ xp +osW, + % (U’(xp) H'(zp,)EnH(z)) ifg=p

Yoq if ¢ # p.

For z € F '~ N Fn, we have, using the fundamental theorem of calculus,

(31) (W2E(sup

s<1

——Go N (7, sWp, Wpe) p)) <

d
dsW,

E |W2Esup |U" (V) — U'(x,) — H'(Y,) Ex H(Y) + H’(xp)ENH(x)‘

s<1

<E|W;|sup U'(Y,) - U’(mp)‘ +E W2 sup ’H’(xp) - H'(?p)‘ \ExH(z)]
+E|W2}sup’H )| Bx [H(T) - H)|.

Observe that, when T is either U’, H' or H, we can write

T(Y,)-T(a,) = % (U'(a,)~H'(,) En H (x)) / T'(w%<U'<xp>—H'<xp>ENH<x>>>dv|

+ oW, /OS T (zp + %(U’(a:p) — H'(z,)ENH(x)) + uocWp)du.
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By bounding the derivative of T" with a suitable polynomial it is easily obtained

that for x € ﬁNﬂFN we have

Esup [T(Y,) — T(z,)] < o - ConstN"",
s<1

for some integer r, so that for o = N=16 and z € Fxy N ﬁN and xr small enough,
we find that

|T(Y,) — T(x,)| < Const - N~1/6=r7),

By substituting this bound into (31), it is easy to see that for x € Fy N FVN,
the right hand side is bounded by O(N*"~'/6) uniformly over z. With similar
arguments, we can show that E(Sy (x, W,)W}) is bounded by o(N*=1/6) uniformly
over ¢ € Fly ﬁﬁN.

Let us now define an operator A by

A = SEO A ) + (0 - ey [ ) 7).

where A is a Gaussian random variable with mean —72/2 and variance 72. This is
the generator of the diffusion process Z described in (9), where v(¢) = 202E(1AeV),
since the latter expected value is equal to ®(—£¢7/2) by a direct calculation.

With this definition, we have

(32) |on*Ans () — 2 Af(@)
< S 1F ) [E(1A o) [, = 0) ~B(1neV))|
+1F @)U ()| [E(L A eCon W) —B(1A M)
1 @) | ()| (|Ex H (@) [E(1 A S0 —E(1 A )

+‘ENH(x)/Hd7r |IE(1/\6N)|)

In order to bound the above expression, we note that

(1 e i, ~0) (1 o0

< E|Gon(@,0,Wye) — Gon(z, W)|.
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The right hand side goes to zero uniformly on the set F '~vNFy, by arguments similar
to the above. The first term on the right hand side of (32) goes to zero uniformly

on the sets Fiy N }~7'N, since

E(1 A SN @W)) _E(1 A eN)‘

< Const - sup IP’(GJ,N(:E, W) < u) —®_p2r2/0 p272(u)l,

an estimate derived by integration by parts. In order to show that the remaining
terms tend to zero uniformly on those same sets Fy N F v, we only have to choose
% in the definition of F v to be smaller than the § given in Proposition 6.

We conclude the proof by collecting the previous facts together. For any test
function f, we have shown that
(33) lim  sup ’a;,zANf(x) —(?Af(z)| = 0.

i rxEFNNFN

)

Now suppose that XéN ~ 7y, and consider the probabilities

IP’(X[(JJVVR/%] ¢ Fy N Fy for some t < T) < [NY3T)an(z:x ¢ Fy N Fy),

where we have used the stationarity of my. Then immediately by Proposition 6,

we see that

Jim P(ijvvf/gt] € FyNFy forall t < T) ~ 1
— 00

Consequently, by (Ethier and Kurtz, 1986, Corollary 8.9, p.233), the weak conver-
gence (10) holds as stated. This ends the proof of Theorem 4.

5. APPENDIX

In this appendix, we list the terms in the Taylor expansion given in Lemma 5.

We begin with the following lemma:

Lemma 10. For h =0,1,2,..., we have the representation
dh h+2
_ k Te.p
(34  5Gen@W)=NY o'P (ENpg(x)gog(Yg)W cl=1,.. m)

k=0
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for some integer m, where py, g € D. In particular, for c =0, we have

9o, (0, W) =~ (B (300! W " W) — 3Bx (H'W) B (H't)

- SEN(H”WQ)EN(H’W)>

Moreover,

gan = _% (EN(3w//w/2+3w//2w2+6w///¢/W2+w////W4)_{3(ENH/w/)(ENH/w/)I

L 6(ENH"W2)(ExH'Y') + 3(Ex H'W?)(Ex H'W?)} + 54,N)

and

N
~ 1240 (EN(45¢”2¢’2 + 60w1//w/3 + 90w111¢//w/W2 + 180¢/,/¢//¢/

+ 45'[/1”/W4 + 180¢////wl2w2 + 60¢/I//w/lw4 + 6O¢II///¢IW4 +4w/////lw6

g6,N =

— [90(Ex H'y'y")(Ex H'Y') + 180(Ex H"'*)(Ex H'Y')
+90(EN1//”H’W2)(ENH’¢’)+90(ENH’w”w’)(ENH”W2)+180(ENH”¢”)(ENH’w’)I
+90(EN¢”’H’W2)(ENH”W2)+360(ENH”’1//W2)(ENH”w’)+180(ENH”W2)(ENH”¢’2)I
+180(ENH”W2)(ENH”zp"W?)+60(ENH"”W4)(ENH’¢’)+360(ENH”W2)(ENH"’w’WZ)l

+60(En H"" W) (Ex H'W?)| + [45(Ex H')(Ex H'y') (Ex H')
+90(ENH’2)(ENH”W2)(ENH’w’)+45(ENH’2)(ENH”WQ)(ENH”WQ)]—F&G’N), I
where d4n and ¢, N are sums of monomials in empirical averages of functions

involving at least one odd power of W, that asymptotically have mean zero.

Proof. The representation (34) can be verified by induction, noting that it is true

for h =0, by (12). The stated formulas are found by explicit computation. O

Lemma 11. Define in R" the vector valued, centered and independent random vari-
ables Yi(j) = b(j)(a:i)Wi(j), where Wi(j) are i.i.d. standard Gaussians fori=1,...,r,

and j=1,...,N. Then

T

@) BT n) <

j=1 i=1

1 1 1 o~ 4 1 N
E Y e TS e (b 3 )

|P|=m h1=1 hm=1
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where the sum is taken over partitions P = {Al, .. .,Am} of the set of repeated
indices I ={1,...,r ., r} such that I = U | Ay and each Ay contains at least

two elements of 1.

Proof. Begin by writing

1 ) N N N ) i
E[H<N2n<f>>]2—wz DIPIED I R
11=1 =1 = =1

A summand in the last expression is zero as soon as there exists an index (i1, ...,
or ki,...,k,) whose value is not repeated by another. This follows by the indepen-
dence and zero mean property of the Y;. Another way of rearranging this sum is
therefore as follows: partition the set I into a finite union I = A; U---U A,,, where
each |Ay| > 2 for each k. We write Y/** = [Lica, Y( D to simplify notation. Then

the sum on the left is bounded above in absolute value by

A A
(36) D ID I I yi] v
P |Pl=mhi=1  hp,=1
—_———
hi#hy, if ki
Since the sum is over non repeating indices hq, ..., h,,, we have by independence
B[V [ [yt | = 0 ) - b4 (e, ), where b4 (2) = ETTeq, (o)1),
Now the summand in (36) is positive, so we can bound the sum above by a sum
over all (possibly repeating) indices hi,...,h,,, and after rearrangeing the sums,
we obtain (35). O
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